For an irreducible transition matrix A of size m × m, which is not a permutation, a map f : X → X is said to be strictly A-coupled-expanding if there are nonempty sets V 1 , . . . , V m ⊂ X such that the distance between any two of them is positive and f (V i ) ⊃ V j holds whenever a ij = 1. This paper presents two theorems that give sufficient conditions for a strictly A-coupledexpanding map to be chaotic on part of its domain in the sense of, respectively, Auslander and Yorke and Devaney. These results improve on the work of Zhang and Shi [2010]. An example is provided to illustrate that the class of maps the new theorems apply to is significantly wider.
Introduction
The horseshoe map, a canonical example of a map with complicated dynamics, has been generalized in a plethora of different ways. One of the more natural and useful ideas is the concept of a coupled-expanding map, whose emergence in mathematical literature dates back to the 1970's, when Misiurewicz expressed the concept of Smale's horseshoe in terms of covering relations in his study on entropy of interval maps [Misiurewicz, 1979] (see [Llibre & Misiurewicz, 1993] for further comments and applications).
As the chaos theory broadened its area of interest to encompass general metric spaces, the coupled-expanding maps, by their very nature tied with symbolic dynamics and chaos, have proven to be a useful tool in establishing many criteria of chaos. Kennedy and Yorke have adapted the concept of Smale horseshoe to a general metric space [Kennedy & Yorke, 2001] . The following years have seen an interest in building criteria of chaos based on coupled expanding maps [Yang & Tang, 2004; Shi & Chen, 2004 , 2005 Shi & Yu, 2006; Shi et al., 2009] . This is just an abridged list of a richer overview of the subject that may be found in [Zhang & Shi, 2010] .
Some of the more recent results include [Zhang & Shi, 2010] , which gives several solid theorems of this kind, as well as [Zhang et al., 2011] , which investigates problems of chaos and stability of such maps under small C 1 -perturbations. The aim of this article is to generalize the results of the former of the two. We present two theorems, similar to the ones presented in [Zhang & Shi, 2010] , but with assumptions weakened, conclusions strengthened, and proofs somewhat shortened. The paper includes an example of an interval map, to which the new theorems apply, but the old do not, which illustrates that the improvements are not merely illusory.
We assume the reader is familiar with the basic concepts of symbolic dynamics. We recommend [Lind & Marcus, 1995] as a reference.
Preliminaries
Let (X, d) be a complete metric space and let f : X → X. Let m ≥ 1 and let A = (a ij ) be an m × m transition matrix, i.e. a ij ∈ {0, 1} and every row and column contains at least one 1. Denote by (Σ A , σ) the one-sided shift on symbols {1, . . . , m} that is generated by A. For any q ≥ p ≥ 1 and u ∈ Σ A let u [p] denote the pth symbol in u and let u [p, q] denote the subsequence of u starting with the pth symbol and ending with the qth symbol. If u ∈ Σ A , n ≥ 1, and V 1 , . . . , V m ⊂ X, then we will denote
, where f 0 is the identity map. We will denote the set of words admissible for
Recall that A is reducible if, after some rearrangement of rows and columns, it can be written as B C 0 D , where B and D are square submatrices of size at least one. The matrix A is irreducible if it is not reducible. Furthermore, A is primitive if there exists n > 0 such that every entry of A n is positive.
If there are nonempty sets
. The map f is topologically transitive if for any nonempty open sets U, V ⊂ X there is n ≥ 0 such that f n (U ) ∩ V = ∅. We say that f is topologically mixing if for any nonempty open sets U, V ⊂ X there is N ≥ 0 such that f n (U ) ∩ V = ∅ for all n > N. Recall that f has sensitive dependence on initial conditions if there is ε > 0 such that for every x ∈ X and every open neighborhood U of x there are y ∈ U and n > 0 such that
If f is topologically transitive and has sensitive dependence on initial conditions, we say that it is chaotic in the sense of Auslander and Yorke (see [Auslander & Yorke, 1980] ). If f is topologically transitive, has sensitive dependence on initial conditions, and the set of periodic points of f is dense in X, then we say that it is chaotic in the sense of Devaney (see [Devaney, 1989] ). It is well known that if X is infinite and f is continuous, then sensitive dependence on initial conditions is a redundant condition in the definition of Devaney, i.e. it follows from the remaining two (see [Banks et al., 1992] ). The situation when assumption of continuity is skipped has been fully analyzed in [Tô, 2004] and [Kulczycki, 2008] .
We say that A ⊂ X is scrambled (resp. ε-scrambled for some
If there exists an uncountable scrambled set (resp. an uncountable ε-scrambled set), then we say that f is chaotic (resp. ε-chaotic) in the sense of Li and Yorke. These definitions were motivated by [Li & Yorke, 1975] .
Recall that a set A is a Cantor set if it is homeomorphic to the standard middle-third Cantor set, and Mycielski set if it can be expressed as a countable union of Cantor sets. A set is perfect if it is closed and has no isolated points. A set is residual if it can be expressed as an intersection of a countable family of sets with dense interiors.
Main Results
We begin with a criterion for chaos in the sense of Auslander and Yorke. We will need the following lemma, which is a rewriting of Theorem 1 in [Mycielski, 1964] . It highlights some very useful properties of residual relations. 
By the assumptions C is nonempty. While this set does not have to be closed, we will show that σ(C) = C. First note that for any u ∈ C, any p ∈ {1, . . . , m}, and any n ≥ 1 we have
This equality, together with the epsilon-delta condition in the assumptions and irreducibility of A, proves that C ⊂ σ(C). On the other hand, for any u ∈ Σ A , any p ∈ {1, . . . , m} such that pu ∈ C, and any n ≥ 1 we also have
Note that by continuity of f, the equality lim n→∞ diam(V n+1 pu ) = 0 implies that lim n→∞ diam(f (V n+1 pu )) = 0. These two facts allow us to conclude that σ(C) = C.
Given any u ∈ C observe that {V n u } ∞ n=1 is a nested sequence of closed nonempty sets in a complete space with diameters decreasing to zero, and therefore there exists the unique
The uniqueness of x u implies that π is a bijection. We will now prove that it is also a homeomorphism.
Take [1, n] , and consequently d(u, v) ≤ 1/2 n−1 . This proves the continuity of π. Now consider any u ∈ C. [1, n] , and therefore x u , x v ∈ V n u , proving that d(x u , x v ) < ε, and consequently the continuity of π −1 .
We shall now prove that π is a factor map, i.e.
V n u , and therefore, by the uniqueness of x u , we have
The fact that every set V i is closed allows us to make a definition Λ = Υ ⊂ m i=1 V i . In order to extend the domain of π to Λ, consider any x ∈ Λ\Υ and any sequence x u i → x, where u i ∈ C (and so x u i ∈ Υ). Since the sets V i are metrically separated and f is continuous at x, for every k ≥ 1 the sequence u i [k] has to be, starting at some point, constantly equal to some value u [k] . The separation of the sets V i also means that any other sequence x v i → x will produce a sequence v = u. This allows us to put π(x) = u and notice that the property x ∈ ∞ n=1 V n u is preserved. The continuity of the extended map π : Λ → Σ A follows directly from the way we performed the extension. Note that the continuity of π implies easily that the equality σ • π = π • f still holds. Since C has no isolated points, C is homeomorphic to Υ, and Υ is dense in Λ, we conclude that Λ is perfect.
We have already observed that if p ∈ {1, . . . , m}, u ∈ C, and pu ∈ Σ A , then also pu ∈ C. Now fix any u ∈ C and any finite word w ∈ L(Σ A ). Since A is irreducible, there exists a word v such that wvu ∈ Σ A , and therefore wvu ∈ C. This shows that C intersects any cylinder set in Σ A , and, since cylinder sets form a basis of the topology of Σ A , we see that C is dense in Σ A . But by the definition C ⊂ π(Λ), proving that π has dense range.
To prove topological transitivity of f | Λ take any nonempty open sets U, V ⊂ Λ and pick x u ∈ U ∩ Υ and
Similarly, there is n ≥ 1 such that for every sequence w ∈ Σ A such that w [1, n] = v[1, n] we have π −1 (w) ⊂ V . Define now w ∈ Σ A in the following way:
use irreducibility of A to obtain l > 0 and Observe that x w ∈ U and f l−1 (x w ) ∈ V , proving the transitivity of f | Λ . Note that if A is primitive, then there is N such that the construction of w can be performed with any l > N in condition (2), which implies that f is mixing. To prove that this map also has sensitive dependence on initial conditions, take ε = min i,j∈{1,...,m},i =j d(V i , V j )/2. Given a nonempty open set U ⊂ Λ and x u ∈ U, pick any x v ∈ U with u = v (such v exists because Υ is dense in Λ and has no isolated points). Finally, notice that if
completing the proof that f | Λ is chaotic in the sense of Auslander and Yorke. Thus we have proven (i), (iv), and the first half of (iii). (mod t) , and σ t is mixing on every D i . Obviously, if A is primitive, then t = 1. By taking Λ i = π −1 (D i ) we obtain a corresponding decomposition Λ 0 , . . . , Λ t−1 of Λ into closed sets. Since the sets D i are disjoint, there is K > 0 such that for any z ∈ Σ A the prefix z[1, K] uniquely determines i such that z ∈ D i . Take any i and fix any v ∈ Λ i . By the definition of Λ there exists a sequence u j ∈ C such that v = lim j→∞ x u j . Then, without loss of generality, we may assume that all u j ∈ D k for some k. But then π(v) ∈ D k = D i , and therefore x u j ∈ Λ i ∩ Υ. We conclude that Λ i ∪ Υ is dense in Λ i for all i.
It is well known that if A is irreducible, then there is an integer t ≥ 1 and disjoint closed perfect sets
Assume now that w ∈ D 0 ∩ C. Then, by the fact that σ t is mixing on D 0 for any open sets U, V ⊂ Λ 0 , there are finite words u, v of equal length such that
f n (x vw )) = 0, and therefore the sets
are open and dense in Λ 0 ×Λ 0 . Since we have proven that f has sensitive dependence on initial conditions with some positive constant, by the same method we can find ε > 0 such that the sets
are also open and dense in Λ 0 × Λ 0 . This shows that the relation R = ∞ i=1 P i ∩ Q i is a residual subset of Λ 0 . By its construction Λ 0 is separable. It is also complete as a closed subset of a complete space X. Therefore, by Lemma 1, there is a Mycielski set
By the definition of R, the set M is ε-scrambled, which completes the proof.
Remark 3.1. The above theorem is an upgrade of Theorem 3.1 from [Zhang & Shi, 2010] , which assumes the existence of a global constant
Remark 3.2. If the sets V i are compact, then Λ is compact, too. In particular, π becomes surjective and f | Λ has topological entropy greater or equal to the entropy of σ on Σ A . In this case, chaos in the sense of Li and Yorke (but not the density of the scrambled set) follows from a more general fact: every map on a compact metric space with positive topological entropy is chaotic in that sense [Blanchard et al., 2002] . (x, y) . This shows that Theorem 1 can be applied in a wider context than the results of [Zhang & Shi, 2010] . Obviously, in most applications f will be acting on a subset of R n with some large n. Proof. It is elementary to check that the epsilondelta condition from the assumptions of Theorem 1 is satisfied. To verify the second assumption, write infinitely many copies of u [1, k] one after another to obtain κ ∈ Σ A of period k. Now notice that for every
is nested, and
, we obtain that lim n→∞ diam(V n κ ) = 0. Using Theorem 1 we define Λ, Υ, C, and π as before.
Ad (i). Theorem 1 already established two conditions of Devaney's chaos. What remains to be proven is the density of periodic points in Λ. As Υ is dense in Λ and π : Υ → C is a homeomorphism, it is enough to prove that periodic points are dense in C. Let v ∈ C and let s ≥ 1 be arbitrarily large. Using irreducibility of A obtain s 2 > s 1 > s and
to hold. Define v as the periodic sequence obtained by repeating infinitely many times, a segment consisting of v [1, s 1 − 1], r copies of u [1, k] , and v [s 1 , s 2 − 1]. An argument analogous to the one from the first paragraph of this proof allows us to establish that v ∈ C, thus proving the density of periodic points in Λ. . .·µ u[k] > 1, and therefore k can be reduced to a smaller number. We may then assume without loss of generality that the symbol u[1] appears in u [1, k] exactly once.
By irreducibility of A and the fact that A is not a cyclic permutation, we obtain l ≥ 1 and w ∈ Σ A such that
Let p be the finite word obtained by writing consecutively two copies of w [1, l] and 2r copies of u [1, k] . Let q be the finite word obtained by writing consecutively w [1, l], u[1, k] , w [1, l] , and 2r − 1 copies of u [1, k] . Note that both words have exactly 2l + 2rk symbols. Let E ⊂ Σ A be the collection of all sequences that are obtained by starting with p or q, following it with p or q, and so on, that is, E = {w 0 w 1 . . . : w i ∈ {p, q}}. Define
Therefore, F is closed in Σ A and σ(F ) = F . An argument analogous to the one from the first paragraph of this proof allows to establish that F ⊂ C. Define Γ = π −1 (F ). Obviously Γ is closed and finvariant. Since π| π −1 (C) was a homeomorphism, then Γ is homeomorphic with F through π| Γ ; in particular, both sets are compact. It remains to show that F is conjugate to Σ D for some irreducible, nonpermutating transition matrix D. Note that if we take any x ∈ E, then positions of symbol u[1] decompose it in a unique way into blocks w [1, l] and u [1, k] . But then also a decomposition of x into p and q is unique. This shows that words p and q form a so-called circular-code. But it is well known that in this case F is a transitive shift of finite type (e.g. see Proposition 29 in [Béal & Perrin, 1997] ), and therefore it is conjugate to a matrix shift defined by an irreducible transition matrix.
Ad (iii). If for some n 0 every entry of the matrix A n 0 is positive, then for every n ≥ n 0 every entry of the matrix A n is also positive. As in (ii) we may assume without loss of generality that the symbol u[1] appears in u [1, k] exactly once. By the fact that A is mixing, we obtain integers t ≥ 1, l 1 , . . . , l t ≥ 1, and w 1 , . . . , w t ∈ Σ A such that Combining the above words properly we can get p and q which differ in length by 1 and still form a circular code. The mixing of σ on F easily follows from the length condition. But then Σ D is mixing, and therefore D is irreducible.
Remark 3.3. We have proven that f | Γ is conjugate to a transitive (or even mixing) and faces an infinite shift of finite type. If assumptions of Theorem 2 are satisfied, then f | Γ is chaotic in many senses, e.g. has positive topological entropy, is ω-chaotic, distributionally chaotic, etc. The reader is invited to review [Oprocha & Wilczyński, 2007] or [Lampart & Oprocha, 2009] for definitions and an overview.
Remark 3.4. Theorem 2 is a generalization of Theorem 3.2 from [Zhang & Shi, 2010] , which in our setting is roughly equivalent to the case µ u[1] > 1 and µ u [2] = · · · = µ u [k] . In particular, all chaotic properties proved by [Zhang & Shi, 2010] (and many more) follow from Remark 3.3.
Remark 3.5. Note that chaotic properties provided by (i) follow immediately from (ii). However, when Λ is compact, result (i) can be used for a better approximation of topological entropy of f on such a subset (e.g. entropy of Σ D can be very small compared to Σ A ). It is the main reason why we have decided to keep result (i) in the statement of Theorem 2.
